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1 Introduction 
1.1 Overview 

Let X be a nonsingular, projective, Calabi-Yau 3-fold. Gromov-Witten the- 
ory concerns counts of maps of curves to X. The counts are defined in terms 
of a canonical 0-dimensional virtual fundamental class on the moduli space 
of maps. The discrete invariants of a map are the genus g of the domain 
and the degree P G H2{X, Z) of the image. For every g and P, the Gromov- 
Witten invariant is the virtual number of genus g, degree f3 maps. We sum 
the contributions of all genera with weight where m is a parameter. 

The Gromov-Witten invariants have long been expected to be express- 
ible in terms of appropriate curve counts in the target X. A curve in X 
corresponds to an ideal sheaf on X. The discrete invariants of the ideal 
sheaf are the holomorphic Euler characteristic x ci-nd the fundamental class 
/? G H2{X,Z) of the associated curve. Donaldson and Thomas have con- 
structed a canonical 0-dimensional virtual fundamental class on the moduli 
space of ideal sheaves on X. For every x ^i-nd (3, the Donaldson-Thomas 
invariant is the virtual number of the corresponding ideal sheaves. We sum 
the contributions over x with weight q^, where g is a parameter. 

We present here a precise mathematical conjecture relating the Gromov- 
Witten and Donaldson-Thomas theories of X. Our conjecture is motivated 
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by the description of Gromov-Witten theory via crystals in A connection 
between Gromov-Witten theory and integration over the moduh space of 
ideal sheaves is strongly suggested there. A related physical conjecture is 
formulated in 

Conjecture. The change of variables, e*" = —q, equates the Gromov-Witten 
and Donaldson- Thomas theories of X . 

The moduli of maps and sheaves have been related previously by the 
Gopakumar-Vafa conjecture equating Gromov-Witten invariants to BPS state 
counts determined by the cohomology of the moduli of sheaves I14j . The 
Gopakumar-Vafa conjecture has been verified in several cases and has been 
a significant source of motivation. However, there have been difficulties on 
the mathematical side in selecting an appropriate cohomology theory for the 
singular moduli of sheaves which arise, see [17]. 

Donaldson-Thomas theory concerns integration over the moduli of sheaves. 
The subject was defined, along with a construction of the virtual class, by 
Donaldson and Thomas in fUl HD] with motivation from several sources, 
see ^ El E] • As the Donaldson-Thomas invariant is similar to the Euler 
characteristic of the moduli of sheaves, a philosophical connection between 
Gromov-Witten invariants and the cohomology of the moduli of sheaves is 
implicit in our work. However, the Donaldson- Thomas invariant is not the 
Euler characteristic. 

As evidence for our conjecture, we present a proof in the toric local Calabi- 
Yau case via the virtual localization formula for Donaldson-Thomas theory. 
The proof depends upon partial evaluations of the topological vertex on the 
Gromov-Witten side. 

1.2 General 3- folds 

We believe the Gromov-Witten/Donaldson-Thomas correspondence holds for 
all 3-folds. Donaldson-Thomas theory has a natural supply of observables 
constructed from the Chern classes of universal sheaves. These Chern classes 
should correspond to insertions in Gromov-Witten theory, see [22] • The 
degree case, where no insertions are required, is discussed in Section |21 
below. For primary fields, a complete GW/DT correspondence for all 3-folds 
is conjectured in [22]. For descendent fields, the correspondence is precisely 
formulated for the descendents of a point in 
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We conjecture the equivariant vertex jHO], discussed briefly in Section lOl 
below, has the same relation to general cubic Hodge integrals as the topo- 
logical vertex does to Calabi-Yau Hodge integrals [0] . A closely related issue 
is the precise formulation of the GW/DT correspondence for all descendent 
fields. We will pursue the topic in a future paper. 

1.3 GW theory 

Gromov-Witten theory is defined via integration over the moduli space of 
stable maps. Let X be a nonsingular, projective, Calabi-Yau 3-fold. Let 
Mg{X,i3) denote the moduli space of stable maps from connected genus g 
curves to X representing the class [3 G H2{X, Z), and let 

Ny,^ = [_ 1, 

denote the corresponding Gromov-Witten invariant. Foundational aspects of 
the theory are treated, for example, in [U El ED] • 

Let FQ^r{X■,u,v) denote the reduced Gromov-Witten potential of X, 

F'^^{X;u,v) = J2Y.^^'^ 

omitting the constant maps. The reduced partition function, 

Z'cwiX; u, v) = exp fcwiX; u, v) , 

generates disconnected Gromov-Witten invariants of X excluding constant 
contributions. 

Let Zg^(X; m)/3 denote the reduced partition function of degree /3 invari- 
ants, 

1.4 DT theory 

Donaldson-Thomas theory is defined via integration over the moduli space 
of ideal sheaves. Let X be a nonsingular, projective, Calabi-Yau 3-fold. An 
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ideal sheaf is a torsion-free sheaf of rank 1 with trivial determinant. Each 
ideal sheaf X injects into its double dual, 

0^ jvv. 

As X^"^ is reflexive of rank 1 with trivial determinant, 

X^^ = Ox, 

see j221- Each ideal sheaf X determines a subscheme Y G X, 

^ Ox ^ Oy ^0. 

The maximal dimensional components of Y (weighted by their intrinsic mul- 
tiplicities) determine an element, 

[Y]eH,{X,Z). 

Let In{X,P) denote the moduli space of ideal sheaves X satisfying 

xiOy) = n, 

and 

[Y] = peH2{x,z). 

Here, x denotes the holomorphic Euler characteristic. The moduli space 
In{X,j3) is isomorphic to the Hilbert scheme of curves of X 

The Donaldson-Thomas invariant is defined via integration against the 
dimension virtual class, 

Nn,p= [ 1. 

Foundational aspects of the theory are treated in fl^ HU] • 

Let Zj:)t{X; q, v) be the partition function of the Donaldson-Thomas the- 
ory of X, 

An elementary verification shows, for fixed j3, the invariant iVn,/3 vanishes for 
sufficiently negative n since the corresponding moduli spaces of ideal sheaves 
are empty. 
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The degree moduli space /„(X, 0) is isomorphic to the Hilbert scheme 
of n points on X. The degree partition function, 

n>0 

plays a special role in the theory. The McMahon function, 

n>l ^ ^ ^ 

is the generating series for 3-dimensional partitions, see |37j . 

Conjecture 1. The degree partition function is determined by 

Zz,T(X;g)o = M(-g)>^W, 

where xi^) is the topological Euler characteristic. 

The reduced partition function Z']jj,{X; q,v) is defined by quotienting by 
the degree function, 

'^'dA^'^ ^) = '^DxiX; g, v)IZdt{X\ q)o . 

Let Z'jjj,{X; q)^ denote the reduced partition function of degree /? 7^ invari- 
ants, 

Z'^^X; q,v) = l + Y, ^'dAX; q)p . 

Conjecture 2. The reduced series Zlj^j^iX^q)^ is a rational function of q 
symmetric under the transformation g i— > 

We now state our main conjecture relating the Gromov-Witten theory 
and the Donaldson-Thomas theory of a Calabi-Yau 3-fold X. 

Conjecture 3. The change of variables = —q equates the reduced par- 
tition functions: 

Z!c^{X-u,v) = Z!^^{X--^\v) . 

The change of variables in Conjecture 3 is well-defined by Conjecture 2. 
Gromov-Witten and Donaldson-Thomas theory may be viewed as expansions 
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of a single partition functions at different points. Conjecture 3 can be checked 
order by order in u and q only if an effective bound on the degree of the 
rational function in Conjecture 2 is known. 

1.5 Integrality 

The Gopakumar-Vafa conjecture for Calabi-Yau 3-folds predicts the following 
form for the reduced Gromov-Witten partition function via the change of 
variables e*" = —q, 

Z'^^{X;u)p = q^ /^^^ /GZ[g], r G Z, > . 

In particular, by the Gopakumar-Vafa conjecture, Zq^^{X; u)i3 defines a series 
in q with integer coefficients. 

Conjecture 3 identifies the q series with the reduced partition function of 
the Donaldson-Thomas theory of X. Integrality of the Donaldson-Thomas 
invariants holds by construction (as no orbifolds occur). We may refine Con- 
jecture 2 above to fit the form of the Gopakumar-Vafa conjecture. 

1.6 Gauge/string dualities 

In spirit, our conjecture is similar to a gauge/string duality with Donaldson- 
Thomas theory on the gauge side and Gromov-Witten theory on the string 
side. While at present we are not aware of a purely gauge theoretic interpre- 
tation of Donaldson- Thomas theory, there are various indications such an in- 
terpretation should exist. Most importantly, the equivariant vertex measure 
which appears in the equivariant localization formula for Donaldson-Thomas 
theory, see Section I^Ul is identical to the equivariant vertex in noncommu- 
tative Yang-Mills theory [221 • We plan to investigate the issue further. 

The interplay between gauge fields and strings is one of the central themes 
in modern theoretical and mathematical physics [32] . In particular, the 
conjectural Chern-Simons/string duality of Gopakumar and Vafa was 
a source of many insights into the Gromov-Witten theory of Calabi-Yau 3- 
folds. As a culmination of these developments, the topological vertex was 
introduced in [2]. The topological vertex is a certain explicit function of 
three partitions A, /i, u, and the genus expansion parameter u, which is an 
elementary building block for constructing the Gromov-Witten invariants of 
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arbitrary local toric Calabi-Yau 3-folds. The gauge/string duality seems to 
hold in a broader context, see j2Sl, evidence in the Fano case. 

In [31], the topological vertex was interpreted as counting 3-dimensional 
partitions tt with asymptotics A, /i, z/ along the coordinate axes. The variable 
q = e*" couples to the volume of the partition n in the enumeration. The 
global data obtained by gluing such 3-dimensional partitions according to the 
gluing rules of the topological vertex was observed in [THl El| to naturally 
corresponds to torus invariant ideal sheaves in the target 3-fold X. The 
main mathematical result of our paper is the identification of the topological 
vertex expansion with the equivariant localization formula for the Donaldson- 
Thomas theory of the local Calabi-Yau geometry. 

The GW/DT correspondence is conjectured to hold for all Calabi-Yau 
3-folds. While several motivations for the correspondence came from local 
Calabi-Yau geometry, new methods of attack will be required to study the 
full GW/DT correspondence. 

A relation between Gromov-Witten theory and gauge theory on the same 
space X has been observed previously in four (real) dimensions in the context 
of Seiberg-Witten invariants [3^. There, a deformation of the Seiberg-Witten 
equations by a 2-form yields solutions concentrated near the zero locus of the 
2-form, an embedded curve. 

We expect, in our case, the sheaf-theoretic description of curves will be 
identified with a deformed version of solutions to some gauge theory problem. 
An outcome should be a natural method of deriving the Donaldson-Thomas 
measure. The gauge theory in question is a deformation of the twisted max- 
imally supersymmetric Yang- Mills theory compactified on our 3-fold X [29j . 
The theory, discussed in jS], has BPS solutions and generalized instantons. 
The expansion of the super- Yang- Mills action about these solutions gives rise 
to a quadratic form with bosonic and fermionic determinants which should 
furnish the required measure 12H| • 

In case X = C^, the deformation in question is the passage to the non- 
commutative M^, see Ordinary gauge theories have typically non- 
compact moduli spaces of BPS solutions. It is customary in mathematics 
to compactify these spaces by replacing holomorphic bundles by coherent 
sheaves. The physical consequences of such a replacement are usually quite 
interesting and lead to many insights fHlCSlIll]- Sometimes the "compact- 
ified" space is non-empty while the original space is empty. Our problem 
corresponds to U{1) gauge fields which do not support nontrivial instantons, 
while the compactified moduli space of instantons is non-empty and coincides 
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with the Hilbert scheme of curves of given topology on X. 
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2 Degree 
2.1 GW theory 

Let X be a nonsingular, projective 3- fold (not necessarily Calabi-Yau). The 
degree potential ^gw{.X]u)q may be separated as: 

The genus and 1 contributions in degree are not constants, the variables 
of the classical cohomology appear explicitly. Formulas can be found, for 
example, in [33] . 

We will be concerned here with the higher genus terms. For g > 2, a. 
virtual class calculation yields, 

Flo = (-l)^^^(c3(X)-ci(X)c2(X)) .J_ XI 
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where c, and Aj denote the Chern classes of the tangent bundle Tx and and 
the Hodge bundle E^, respectively. Define the degree partition function of 
Gromov-Witten theory by 



Zgw{X; u)o = exp I ^ j 

\g>2 / 



The Hodge integrals which arise have been computed in 

^2^-2 (2(7-2)! 



X3 _ |-P2g| 1^23-21 ^ x 
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where and -829-2 are Bernoulli numbers. 

Using the Euler-Maclaurin formula, the asymptotic relation, 

Zgw{X;u)o ~ M(e'")5/x'=3m-ci(x)c2(x) ^ ^3) 

may be derived from (^. The precise meaning of Q is the following: the 
logarithms of both sides have identical o(l)-tails in their u asymptotic 
expansion. 

2.2 DT theory 

We now turn to the degree partition function for the Donaldson- Thomas 
theory of X. The first issue is the construction of the virtual class in 
Donaldson-Thomas theory. 

In jlO] , the Donaldson- Thomas theory of X is defined only in the Calabi- 
Yau and Fano cases. In fact, the arguments of jlD] use only the existence of 
an anticanonical section on X. 

Lemma 1. Let X be a nonsingular, projective 3-fold with 

H\X, n'Tx)^^, 
then In{X,f3) carries a canonical perfect obstruction theory. 

Under the hypotheses of Lemma ^ the Donaldson- Thomas theory of X is 
constructed for higher rank sheaves as well as the rank 1 case of ideal sheaves. 
The connection, if any, between Gromov-Witten theory and the higher rank 
Donaldson-Thomas theories is not clear to us. 

The technical condition required in for the construction of the perfect 
obstruction theory and the virtual class [In{X, (3)]'"^^ is the vanishing of trace- 
less Exto(X, X) for all [X] G In{X,P). In fact, ExtQ(X, X) vanishes for every 
ideal sheaf on a nonsingular, projective 3-fold X [22]. Hence, Donaldson- 
Thomas theory is well-defined in rank 1 for all X. 

For simplicity, let us assume the vanishing of the higher cohomology of 
the structure sheaf, 

H\X,Ox) = 0, (3) 
for z > 1. Then, Exto(X, X) equals Ext(X, X). 
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Lemma 2. Let X be a nonsingular, projective, 3-fold satisfying (jS)). Then, 

Ext%I,J) = 0, 

for all [I] G /„,(X,0). 

Proof. By Serre duality for Ext, 

Ext3(X, J) = Ext\l,I (g) KxY, 
where Kx denotes the canonical bundle. We must therefore prove 

Hom(X,X® fsTx) = 0. 

Let U C X he the complement of the support of Y. Since X restricts to Ou 
on U, 

}iomiX\u,I\u®Ku) = TiU,Ku)=H%X,Kx). 

The last equality is obtained from the extension of sections since Y has at 
most 1-dimensional support. Since X is torsion-free, the restriction, 

Hom(X,X® fsTx) ^B.om{I\u,I\u^Ku), 
is injective. Since h^{X, Kx) = h^{X, Ox), the Lemma is proven. □ 

The proof of the vanshing of Exto(X, X) in the presence of higher coho- 
mology of the structure sheaf is similar, see pBj . 

The virtual dimension of J„(X, 0) is for general 3-folds X. A simple 
calculation from the definitions yields the following result. 

Lemma 3. Ni^ = - c^iX) - ci(X)c2(X). 

Proof. The moduli space /i(X, 0) is the nonsingular 3- fold X. The tan- 
gent bundle is Extg(X, X), and the obstruction bundle is ExtQ(X, X). Using 
Serre duality and the local-to-global spectral sequence for Ext, we find the 
obstruction bundle is isomorphic to (Tx ® Kx)"^ ■ Then, 

Ni,o = - I cs{Tx(^Kx) = - I C3(X)-ci(X)c2(X), 
Jx Jx 

completing the proof. □ 
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The degree Gromov-Witten and Donaldson- Thomas theories are already 
related by Lemma |21 However, we make a stronger connection generalizing 
Conjecture 1. 

Conjecture 1'. The degree Donaldson- Thomas partition function for a 
3-fold X is determined by: 



We will present a proof of Conjecture 1' in case X is a nonsingular toric 
3-fold in 123. 

The series M{q) arises naturally in the computation of the Euler charac- 
teristic of the Hilbert scheme of points of a 3-fold 8J. It would be interesting 
to find a direct connection between the degree Donaldson-Thomas invari- 
ants and the Euler characteristics of J„(X, 0) in the Calabi-Yau case. 

3 Local Calabi-Yau geometry 
3.1 GW theory 

Let S" be a nonsingular, projective, toric, Fano surface with canonical bundle 
Ks- The Gromov-Witten theory of the local Calabi-Yau geometry of S is 
defined via an excess integral. Denote the universal curve and universal map 
over the moduli space of stable maps to S by: 

■K:U^Mg{S,(3), 

Then, 

N,,f3= [_ e{R'n,fj.*Ks), 

J[Mg{S,l3)]'"'' 

for 7^ /? G H2{S, Z). The reduced partition function Z'(^(^(X; u, v) is defined 
in terms of the local invariants iV^^^ as before. 
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3.2 DT theory 

Let X be the projective bundle ^{Ks ® Os) over the surface S. The 
Donaldson-Thomas theory of X is well-defined in every rank by the following 
observation. 

Lemma 4. X has an anticanonical section. 
Proof. Consider the fibration it : X S. We have, 

A'Tx = T^(»7i*{A^Ts), 

where is the vr-vertical tangent line. 

Let V denote the vector bundle Ks © Os on S. The vr-relative Euler 
sequence is: 

O^Ox^ 71* (V) Op(y)(l) ^ ^ 0. 

Hence, 

we conclude, 

A^Tx = A\*{V) ® Cp(i/)(2) ® 7r*(A%) = Op(y)(2). 
However, since 

H%X,Op^v)i2)) = H\S,SymW*) ^ 0, 
the Lemma is proven. □ 

For classes /? G H2{S,Z), we define the reduced partition function for the 
Donaldson-Thomas theory of the Calabi-Yau geometry of S by 

Zdt('S'; <?)/3 = Z'jjj,{X; q)f3 . 

While X is not Calabi-Yau, the Donaldson-Thomas theory of X is still well- 
defined by Lemma H 

We will prove Conjectures 2 and 3 are true for the local Calabi-Yau ge- 
ometry of toric Fano surfaces by virtual localization. 
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3.3 Local curves 

The constructions above also define the local Calabi-Yau theory of the curve 
with normal bundle 0{—l) © 0{—l). The proof of Conjectures 2 and 3 

for local surfaces given in Section |3] below is valid for the local case. 
The Gromov-Witten theory of a local Calabi-Yau curve of arbitrary genus 

has been defined in |6j. We believe the GW/DT correspondence holds for 

these geometries as well [Tj. 

4 Localization in Donaldson-Thomas theory 
4.1 Toric geometry 

Let X be a nonsingular, projective, toric 3-fold. Let T be the 3-dimensional 
complex torus acting on X. Let A(X) denote the Newton polyhedron of X 
determined by a polarization. The polyhedron A(X) is the image of X under 
the moment map. 

The vertices of A(X) correspond to fixed points X^ = {Xa} of the T- 
action. For each Xa, there is a canonical, T-invariant, affine open chart, 

centered at Xa- We may choose coordinates ti on T and coordinates Xi on 
Ua for which the T-action on Ua is determined by 

{ti,t2,ts) ■ Xi = UXi . (4) 
In these coordinates, the tangent representation Xa has character 

We will use the covering {Ua} of X to compute Cech cohomology. 

The T-invariant lines of X correspond to the edges of A(X). More pre- 
cisely, if 

Ca/3 C X 

is a T-invariant line incident to the fixed points Xa and X/^, then Cajj corre- 
sponds to an edge of A(X) joining the vertices Xa and Xp. 

The geometry of A(X) near the edge is determined by the normal bundle 
A/'c.,/x. If 
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then the transition functions between the charts Ua and Up can be taken in 
the form 

{Xi,X2,X3) [X^ ,X2X^ ,X3X^ ) . (5) 

The curve Cap is defined in these coordinates by X2 = = 0. 
4.2 Moduli of ideal sheaves 

The T-action on X canonically hfts to the moduh space of ideal sheaves 
/„(X, /?). The perfect obstruction theory constructed by Thomas is canon- 
ically T-equivariant [SEllini- The virtual localization formula reduces inte- 
gration against [In{X,j3)Y^^ to a sum fixed point contributions [TH] . 
The first step is to determine the T-fixed points of /„(X, /?). If 

is T-fixed, then the associated subscheme Y (Z X must be preserved by the 
torus action. Hence, Y must be supported on the T-fixed points Xa and the 
T-invariant lines connecting them. 

Since X is T-fixed on each open set, X must be defined on Ua by a mono- 
mial ideal, 

la =l\jj C C[Xi,X2,X3] , 

and may also be viewed as a 3-dimensional partition tTq, 

vr„ = |(fci,/i;2,/^3), i C Z|o. 

The ideals la are 1-dimensional. The corresponding partitions tTq may be 
infinite in the direction of the coordinate axes. 

The asymptotics of tTq in the coordinate directions are described by three 
ordinary 2-dimensional partitions. In particular, in the direction of the T- 
invariant curve Cap-, we have the partition \ap with the following diagram: 

K^ = {{k2,h),'ih X\'xl'xl' ila] 

where 

In summary, a T-fixed ideal sheaf X can be described in terms of the 
following data: 
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(i) a 2-dimensional partition X^/s assigned to each edge of A(X), 

(ii) a 3- dimensional partition tTq assigned to each vertex of A(X) such that 
the asymptotics of vr^ in the three coordinate directions is given by the 
partitions A^^ assigned to the corresponding edges. 

4.3 Melting crystal interpretation 

The partition data {TTa^^ais} corresponding to a T-fixed ideal sheaf I can 
be given a melting crystal interpretation [34j. Consider the weights of the 
T- act ion on 



For large d, the corresponding points of Z'^ can be described as follows. 

Scale the Newton polyhedron A(X) by a factor of d. Near each corner 
of dA{X), the intersection fl dA{X) looks like a standard Z>q, so we can 
place the corresponding partition tTq, there. Since d is large and since, by con- 
struction tTq, and vr^ agree along the edge joining them, a global combinatorial 
object emerges. 

One can imagine the points of n dA{X) are atoms in a crystal and, 
as the crystal is melting or dissolving, some of the atoms near the corners 
and along the edges are missing. These missing atoms are described by the 
partitions tTq, and Aa/3. They are precisely the weights of the T-action on 



4.4 Degree and Euler characteristic 

Let [X] G In{X,P) be a T-fixed ideal sheaf on X described by the partition 
data {na, Xaa'}- We see 



where |A| denotes the size of a partition A, the number of squares in the 
diagram. 

For 3-dimensional partitions vr one can similarly define their size |7r| by 
the number of cubes in their diagram. Since the partitions tTq may be infinite 
along the coordinate axes, the number \7ra\ so defined will often be infinite. 



H\X, Ovid)). 



H%X, Oyid)). 
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We define the renormalized volume |7rQ,| as follows. Let Aq,^-, i = 1,2,3, be 
the asymptotics of vr^. We set 

3 

k,| = #{7r,n[0,...,iV]3}-(iV + l)^|A,ft|, iV>0. 

1 

The renormalized volume is independent of the cut-off as long as is 
sufficiently large. The number \7ia\ so defined may be negative. 
Given m,m' E Z and a partition A, we define 

fm,n.'iX) = Yl ["^(' - 1) + - 1) + 1] • 

(i,i)eA 

Each edge of A(X) is assigned a pair of integers {map, "^a/?) from the normal 
bundle of the associated T-invariant line and a partition Xap from the T-fixed 
ideal sheaf I. By definition, we set 

f{a,P) = fm^^,m'^^{K/3) ■ (6) 

Lemma 5. x{Oy) = Ea k^l + Ea,/3 ■ 

Proof. The result is an elementary calculation in toric geometry. For exam- 
ple, a computation of x(C'y) using the Cech cover defined by {Ua} immedi- 
ately yields the result. □ 



4.5 The T-fixed obstruction tiieory 

The moduli space /n(^, P) carries a T-equivariant perfect obstruction theory, 

Eq ^ El, 

see |2ni HOI- Assume the virtual dimension of /„(X, /5) is 0. The virtual 
localization formula [12] may be stated as follows, 

[ 1= E / 

J [/„(x,/3)]-- [j]g/„(x,/3)T [SW]-"- 

Here, S{I) denotes the T-fixed subscheme of /„(X, P) supported at the point 
[I], and E^, E"^ denote the nonzero T-weight spaces. The virtual class, 
[5'(T)]"'', is determined by the T-fixed obstruction theory. 
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We first prove S{I) is the reduced point [T]. It suffices to prove the Zariski 
tangent space to J„(X, /?) at [X] contains no trivial subrepresentations. Since 
X is toric, all the higher cohomologies of Ox vanish, 

H\X, Ox) = 0, 

for z > 0. Hence, the traceless condition is satisfied, and the Zariski tangent 
space of In{X,P) at [X] is Ext^(X, X). 

Lemma 6. Let [I] G In{X,j3) be a T-fixed point. The T -representation, 

Ext^(X,X), 

contains no trivial subrepresentations . 

Proof. From the T-equivariant ideal sheaf sequence, 

O^J^Ox^Oy^O, (7) 

we obtain a sequence of T-representations, 

^ Ext°(X, Oy) Ext\l,I) Ext\l, Ox) ^ • 

The left term, Ext°(X, Oy), does not contain trivial representations by Lemma 
[7| below. 

We will prove the right term, Ext^(X, Ox)? also does not contain trivial 
representations. By Serre duality, it suffices to study the representation, 

Ext\Ox,I ® Kx) = H\X,I ® Kx). 

The long exact sequence in cohomology obtained from by tensoring with 
Kx and the vanishings, 

H\X,Kx) = H\X,Kx)=0, 

together yield a T-equivariant isomorphism, 

H\X, Oy®Kx)^ H\Xa®Kx). 

The ffist Cech cohomology of Oy ® Kx is computed via the representations 

H\U^P,Oy®Kx), 

where Uap = U^l^Up. Here we use the Cech cover defined in Section I^TTl An 
elementary argument shows these representations contain no trivial subrep- 
resentations. □ 
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Lemma 7. Ext'^(X, Oy) contains no trivial subrepresentations. 
Proof. By the local-to- global spectral sequence, it suffices to prove 

H'{Sxf{I, Oy)) 

contains no trivial subrepresentations for all i and j. By a Cecil cohomology 
calculation, it then suffices to prove 

H\Ua,Sxt^{Ic,,OYj), H\Uaf,,Sxt^{I^p,OyJ) 

contain no trivial subrepresentations. Triple intersections need not be con- 
sidered since Ov „ vanishes. 

We will study ExP{Ia, Oy^) on via the T-equivariant Taylor resolu- 
tion of the monomial ideal Xq. The argument for ExP{Xai3, ^Yafj) on Uap is 
identical. 

Let Xq be generated by the monomials mi, . . . , m^. For each subset 

Tc{l,...,s}, 

let 

rriT = x^^'^^ = least common multiple of {mi\i G T}. 

For 1 < t < s, let Ft be the free r(f/a)-module with basis ct indexed by 
subsets T C {1, . . . , s} of size t. 

A differential d : Ft Ft-i is defined as follows. Given a subset T of size 
t, let T = {ii, . . . ,it} where ii < ■ ■ ■ < it- Let 

d{eT) = Yl (-l)''^;'^"'^'- 

T'=T\{ik} 

The Taylor resolution, 

^ ^ > F2^ Fi-^I^^O, 

is exact fSH^. Moreover, the resolution is equivariant with T-weight r{T) on 
the generator e(T). 

The weights of the generators of Ft are weights of monomials in Xq,. How- 
ever, the weights of the T-representation Oy^ are precisely not equal to 
weights of monomials in Xq,. Hence, Hom{Ft,Oy^) contains no trivial sub- 
representations. We then conclude ExP {Xa^Oy) contains no trivial subrep- 
resentations by computing via the Taylor resolution of X^,. □ 
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The obstruction space at [X] G /?) of the perfect obstruction theory 

is Ext^(X, X). The following Lemma implies the T-fixed obstruction theory 
at [X] is trivial. 

Lemma 8. Ext^(X, X) contains no trivial subrepresentations. 

Proof. From the T-equivariant ideal sheaf sequence, we obtain, 

Ext\l, Oy) Ext2(X,X) ^ Ext2(X, Ox) ^ • 

The left term, Ext^(X, Oy), does not contain trivial representations by Lemma 
above. 

We will prove the right term, Ext^(X, Ox), also does not contain trivial 
representations. By Serre duality, it suffices to study the representation, 

Ext\Ox,I(E) Kx) = H\X,I ^ Kx). 

The long exact sequence in cohomology obtained from by tensoring the ideal 
sheaf sequence with Kx and the vanishings, 

H%X,Kx) = H\X,Kx)=0, 

together yield a T-equivariant isomorphism, 

Oy(^Kx) ^ H\X,I(^Kx). 

The space of global sections of Oy ® Kx is computed via the representations 

H\U^,Oy®Kx). 

As before, an elementary argument shows these representations contain no 
trivial subrepresentations. □ 

The virtual localization formula may then be written as 

e(Ext^(X,X)) 

A calculation of the virtual representation 

Ext^(X,X) -Ext2(X,X) 
is required for the evaluation of the virtual localization formula. 
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4.6 Virtual tangent space 



The virtual tangent space at T is given by 



= Exti(X,X) - Ext2(X,X) = x(0, O) - x(X,X) 



where 



3 



We can compute each Euler characteristic using the local-to-global spectral 



where, in the second line, we have replaced the cohomology terms with the 
Cech complex with respect to the open afhne cover {[/«}. Though these 
modules are infinite-dimensional, they have finite-dimensional weight spaces 
and, therefore, their T-character is well defined as a formal power series. 

Since Y is supported on the curves Cap, we have X = Ox on the inter- 
section of three or more Ua- Therefore, only the C° and €^ terms contribute 
to the calculation. We find. 



The calculation is reduced to a sum over all the vertices and edges of the 
Newton polyhedron. In each case, we are given an ideal 



sequence 



3 



x{xa) = Y.^-ir^'H\Ext\xa)) 



i,j=0 

3 



= 5](-l)^+^C^(£a;t^(X,X)), 



i,j=0 




I 



and we need to compute 
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over the ring T{U), which is isomorphic to C[x,y,z] in the vertex case and is 
isomorphic to C[x , y , z , z~^] in the edge case. We treat each case separately. 

4.7 Vertex calculation 

Let R be the coordinate ring, 

/2 = C[xi,X2,X3] =r(f/„). 

As before, we can assume the T-action on R is the standard action 
Consider a T-equivariant graded free resolution of la, 

^ ^ >F2^F,-^Ia^0, (9) 



such as, for example, the Taylor resolution jSo]. Each term in (j9j) has the 
form 

j 

The Poincare polynomial 



does not depend on the choice of the resolution ©. In fact, from the resolu- 
tion Q we see that the Poincare polynomial Pa is related to the T-character 
of R/Ia as follows: 



J2 A't-'t 



2 ''3 



(fci,fe2,fc3)e7rQ 

(l-tl)(l-t2)(l-t3) 



(10) 



where trace in the first line denotes the trace of the T-action on R/Ia- 

The virtual representation xi^ai la) is given by the following alternating 
sum 

X{IaJa) = J](-l)'+'Hom,j(i?(d,,),i?(40) 

= J2{-iy+'R{dki-d,,), 

i,j,k,l 
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and, therefore, 



/ , , , N -Pa('^l,^2,^3)-Pa(^l^^2^^3^) 



(l-tl)(l-t2)(l-t3) 

We find the character of the T-action on the a summand of (jH)) is given by: 

1 ~ Pa(tl,t2, ts) Pgjt^ ^, ^2 tg ^) 
(l-tl)(l-t2)(l-t3) ■ 

Using pU|). we may express the answer in terms of the generating function 
Qa of the partition tTq, 



trii-x(/Q,/c) (^15^2,^3) 



11^2^3 111213 



where 



The rational function (|TT|l should be expanded in ascending powers of the 



ti's. 



4.8 Edge calculation 

We now consider the summand of (jH)) corresponding to a pair Our 
calculations will involve modules over the ring 

R = r(f/„/3) = C[X2, X3] ®C C[xi, X^'] . 

The Cf Xi,Xi ] factor will result only in the overall factor 



the formal (5-function at ti = 1, in the T-character. Let 
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be the generating function for the edge partition Aq,^. Arguing as in the 
vertex case, we find 

- tri^_^(/^^j^^)(ti,t2,t3) 

= "^(^l) -Qa/3 - —J- + QapQaP • (12) 

\ 2 3 ^2^ § 

Note that because of the relations 

5(l/t) = 5(t) = t8(f) , 
the character (|12p is invariant under the change of variables ((H)). 



4.9 The equivariant vertex 

The formulas (|TT|l and (fT2|l express the Laurent polynomial trTj^^j (ti, t2, ^3) 
as a linear combination of infinite formal power series. Our goal now is 
to redistribute the terms in these series so that both the vertex and edge 
contributions are finite. 

The edge character ()12|) can be written as 

-^0/3(^2,^3) ,-1 -^0/3(^2,^3) Qo\ 

where 

V a i\- n ^''^ 4.n n (i -^2)(l -^3) 

^21^3 ^2^3 

and the first (resp. second) term in is expanded in ascending (resp. 
descending) powers of ti. 

Let us denote the character by and define 

= + ^ 1-U ' 

•t=l 

where Co/3i, Ca/ja, Co/33 the three T-invariant rational curves passing through 
the point Xa G X^, and {ti,ti',ti'i} = {ti, ^2, i':3}. 
Similarly, we define 



l F»/3(t2,t3) _ ^«/3l^^2ti , 13^1 
1 - 1 - 
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The term Eq,^ is canonically associated to the edge. Formulas (fTT|) and (fT^ 
yield the following result. 

Theorem 1. The T-character ofT^j] is given by 

tr^f^j (ti, t2, ^3) = 5Z V, + ^ E,^ . (14) 

a a/3 

Lemma 9. Both Vq, and E^p are Laurent polynomials. 

Proof. The numerator of Eap vanishes at ti = 1, whence it is divisible by the 
denominator. The claim for Vq, follows from 

^ _ Qaf3 
Vo ^ -j- . . . , 

i — tl 

where the dots stand for terms regular at ti = 1. □ 

From Vq,, the equivariant localization formula defines a natural 3-parametric 
family of measures w on 3-dimensional partitions 11^. Namely, the measure 
of Ha equals 

w(7r„) = Yl {s,k)~'"' , 

where s = (si, S2, S3) are parameters, ( ■ , ■ ) denotes the standard inner prod- 
uct, and Vfc is the coefficient of t^ in V^. We call the measure w the equivariant 
vertex measure. 

4.10 Local CY and the topological vertex 

We now specialize to the local Calabi-Yau geometry discussed in Section El 
Let S* be a nonsingular, toric, Fano surface with canonical bundle Ks- 
We view the total space of Kg as an open toric Calabi-Yau 3-fold. Let X be 
the toric compactification defined in Section 121 By definition, 

'^DT{S]q)i3 = Zdt{X; q)p/ZDT{X] q)o , (15) 

for /? G H2{S, Z). 

We may compute the right side of (|TH|l by localization. Let 

D = X\S 
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denote the divisor at infinity. Let [X] G In{X,f3) be a T-fixed ideal sheaf. 
We have seen the weights of the virtual tangent representation of [X] are 
determined by the vertices and edges of the support of Y. Since /5 is a class 
on S, the support of Y lies in Ks except for possibly a finite union of zero 
dimensional subschemes supported on D. Therefore, as a consequence of the 
virtual localization formula for the Donaldson-Thomas theory of X, we find, 

V e(Ext2(T,T)) 
'^^(^ - V «nV e(Ext^(X.X)) ' ^^^) 

Here, only the ideal sheaves X for which Y has compact support in Ks are 
considered. In particular, the local Donaldson- Thomas theory should be 
viewed as independent of the compactification X. 

The open set Ks has a canonical Calabi-Yau 3-form Q. There is 2- 
dimensional subtorus. 

To C T, 

which preserves Q. We will evaluate the formula (fTH|) on the subtorus Tq. 
Let Ua C Ks be a chart with coordinates (jl} . The subgroup Tq is defined 

by 

^1^2^3 = 1 ■ 

By Serre duality for a compact Calabi-Yau 3-fold, we obtain a canonical 
isomorphism 

Ext^(X,X)o = Ext2(X,X)*. 

We will find the To-representations to be dual in the local Calabi-Yau geom- 
etry as well. Formula (fT^ will be evaluated by cancehng the dual weights 
and counting signs. 

The following functional equation for the character (jl4p expresses Serre 
duality. On the subtorus tit2t3 = 1, the character is odd under the involution 
f ^ f defined by 

(^1,^2,^3) ^ it^\t^\t^'). 



Below we will see, in fact, each term in (I14|l is an anti-invariant of this 
transformation. 

A crucial technical point is that no term of (fT^ specializes to weight 
under the restriction to Tq. Since the specializations are all nonzero, the 
localization formula for T may be computed after to restriction to Tq. We 
leave the straightforward verification to the reader. 
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We will split the edge contributions of (fT^ in two pieces 

Ea/3 = E^^ + E^^ 

satisfying 



(17) 



The total count of (— l)'s that E^^ contributes is then determined by the 
parity of the evaluation of E^^ at the point (^1,^2, ^3) = (1, 1, !)• Concretely, 
we set ^ ^ 

= -Qaf3 - QapQcp—. 

^2 

and define E^^ in terms of F^^ using the same formulas as before. A straight- 
forward check verifies (jl7j] . 
Observe that 



tl=l 



Hence, we conclude 

Ea^(l, 1, 1) = + ma/3|A«/3| mod 2 , (18) 

where the function /(a, (3) was defined in ©. The second term in ()18|) comes 
from applying ^ to the (1 — ^2) factor in the QQ-term. 

Naively, a similar splitting of the vertex term is given by defining to 
be equal to 

Qa QaQa • 
tlt2 

However, the definition is not satisfactory since it leads to rational functions 
and not polynomials: the 

(l-tl)(l-t2)(l^ ^^g^ 



^1^2^3 

factor in the QQ-term in (jllll can be split in three different ways and no 
single choice can serve all terms in the QQ-product. The correct choice of 
the splitting is the following. Define the polynomial Q'^ by the following 
equality 

i=l ^ 
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Now for each set of bar-conjugate terms in the expansion of the QQ-product, 
we pick its own sphtting of (jl9|) . so that, for example, the term 

QapQafS (l-tl)(l-t2) 

(i-ti)(i-tr') tih 

cancels the corresponding contribution of F^, and for i ^ j the terms 

f QapMo.^, QaP^Qaf^, \ {1 - ti){l - tj) 

[{l-U){l-t-') (l-tri)(i-t^.)J ut, 

are regular and even at (1, 1, 1). 

Using splitting defined above, we easily compute 

V+(1,1,1) = Q:,(1,1,1) mod 2. (20) 

From the discussion in Section 14.41 we find 

Q'Jl,l,l) = |7r,|. (21) 

Equations (jl8p and (j21|) together with Lemma El yield the following result. 

Theorem 2. Let I be a T-fixed ideal sheaf in In{Ks, (3), 

e(Ext^(X, J)) ^ (^vx{OY)+Y.^i3^o.fA^c.rA 
e(Ext^(J,J)) ^ ' 

where the sum in the exponent is over all edges and 

is the normal bundle to the edge curve Ca/s- 

The number 1 + has the same parity as the framing of corresponding 
edge, which is a notion introduced in the context of the topological vertex 
expansion [5] . Comparing the equivariant localization formula for Donaldson- 
Thomas theory with the topological vertex expansion, specifically with the 
melting crystal interpretation of the topological vertex expansion found in 
[IHIEII, we obtain our main result. 
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Theorem 3. For the toric local Calabi- Yau geometry, the equality, 

Z'a^{S-u,v) = Z'^^{S- -e» t;) 

holds. 

The above resuh depends upon the evaluation of the Gromov-Witten 
theory of toric local Calabi- Yau 3-folds via the topological vertex. The topo- 
logical vertex has been established in the 1-leg case in [HHIE] and in the 2-leg 
case in [22] • These evaluations are sufficient for the GW/DT correspondence 
for nonsingular toric local curves and surfaces. 
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